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SOME ESTIMATES FOR A WEIGHTED L* PROJECTION

JAMES H. BRAMBLE AND JINCHAO XU

ABSTRACT. This paper is devoted to the error estimates for some weighted
L’ projections. Nearly optimal estimates are obtained. These estimates can
be applied to the analysis of the usual multigrid method, multilevel precondi-
tioner and domain decomposition method for solving elliptic boundary prob-
lems whose coefficients have large jump discontinuities.

1. INTRODUCTION

This work was motivated by the study of the numerical solution of elliptic
boundary value problems that have large discontinuity jumps in coefficients. If
these jumps become larger, the corresponding discretized (by finite elements,
for example) equation may be harder to solve. In some special cases, how-
ever, multigrid or domain decomposition methods can be properly designed so
that the numerically observed convergence rate is actually independent of these
jumps. We find that the theoretical justification of this phenomenon lies in cer-
tain approximation and stability properties of some weighted L? projections
with weights provided by the discontinuous coefficients (cf. [10, 11, 4]). The
point is that we want to get estimates which are uniform with respect to the
weights.

A careful study of this type of weighted L? projection will be made in this
paper. We shall establish estimates that are nearly optimal under some special
circumstances. In a sequel of this paper, we shall present some negative results
to demonstrate that the expected estimates are not always possible, in general,
and the results in the paper are sharp in a certain sense.

Related to the topic of this paper is the usual L? projection. Some error
and stability estimates for such a projection are also presented with complete
proofs.

As is done in [10], we will use the following notation:

x<y, fzg, and uxv
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464 J. H. BRAMBLE AND JINCHAO XU

which means that
x<Cy, f>cg, and cv<u<Cuv,

where C and c are positive constants independent of the variables appearing
in the inequalities and any other parameters related to meshes, spaces, etc.

The remainder of the paper is organized as follows. In §2, some preliminary
material, such as the Sobolev spaces, finite element spaces, etc., will be pre-
sented. Section 3 is devoted to the analysis of the usual L? projection. The
main estimates for weighted L? projections will be presented in §4.

2. PRELIMINARIES

Let Q c R? (1 <d < 3) be a bounded domain. For simplicity, we assume
that Q is an interval for 4 = 1, a polygon for d = 2, and a polyhedron for
d=3.0n Q, L(Q) denotes the usual Banach space consisting of p th power
integrable functions. The Sobolev space of index (m, p) is defined by

w2 Q) ¥ (v e LP(Q): D®v € LP(Q) if |a| < m},

with a norm
l/p
def Da D
llgms & | 3 1D 0IE g |
la|<m
where a = (o, ..., @;) is a multi-integer and
o alal d
D =—7p——, al = a..
axfl...x:d I I 12=1: i

For p = 2, by convention, we denote
H™ Q) ¥ wm™ Q).

We will have occasion to use the following seminorms:

1/p
def .
[Vl m.r i) = (Z ||Dav||‘£,(9)) .

lal=m
For m=1, Hol (Q) denotes the subspace of H l(Q) consisting of functions that
vanish on 9Q in an appropriate sense. Similarly, for a measurable I'j C 9Q,
H}O(Q) is the space consisting of functions in H ! that vanish on I,.
We quote the following well-known Sobolev continuous imbeddings [1]:
L™(Q), ifd=1,
(2.1) H Q! PQ (1<p<x), ifd=2,
LYQ), if d = 3.
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Lemma 2.1. We have
-1 1
Nl p2o0) <€ llull2q) +ellullpg YueH (Q), e€(0,1).

For a proof, we refer to [10].
The following result is a special case of Theorem 2.1 in [10]. (Cf. also [9].)

Lemma 2.2. Assume D is a bounded domain in R* with 8D Lipschitz contin-
uous. Then

l 2 1’
1wl o py < 1108l w1,y + Ellwllppr. oy YW € W (D), €€ (0, 1).

Next we introduce the finite element space. For 0 < A < 1, let J, be a
triangulation of Q with simplices K of diameter less than or equal to /. We
assume the family {J,} is quasiuniform, i.e., there are constants ¢, > 0 and
¢, > 0 such that

h max, . -
max £ <¢,, —

- <c Vh,
KeZ, Px ming e g

where h is the diameter of K and p, is the diameter of the largest ball
contained in K. Corresponding to each triangulation 7, , we define a finite el-

ement subspace S, C H(} () that consists of continuous piecewise (with respect
to the elements in .9, ) linear polynomials vanishing on 9.
For a given triangulation 7 , we consider a finer quasiuniform mesh J, with

h < h which is obtained by refining .7, in such a way that -
Sy C Sy,

where S, C HOI(Q) is the corresponding finite element space defined on 7, .
It is well known that, for any function v € §, -

d
(2.2) ol < £ S v*(x),
XEN,

where .4, is the set of vertices of the triangulation %, and
-d
(2.3) Wl o <A “Plvlipg —(1<p<00)

The right-hand side of (2.2) is often called the discrete L? norm. Inequality
(2.3) is the well-known inverse property of the finite element spaces (cf. [5]).

Lemma 2.3. For all v € §,(Q),

”’U”Hl(ﬂ) ’ lf d=1,
24) [0ll gy < { [loghl vl g,  ifd=2,
h_l/zllvllyl(g) s lf d=3.

Proof. The first inequality (for d = 1) follows from the usual Sobolev imbed-
ding (in (2.1)). The second is well known in the literature (cf. [3]) and can be
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easily obtained by using Lemma 2.2 together with the inverse inequality (2.3)
with e=h.

The proof of the last case for d = 3 is also almost trivial and can be furnished
by using the inverse inequality (2.3) and Sobolev imbedding (2.1):

—-1/2 -1/2
0]l ooy = B 10l 50y < B0l O
() (Q) ()

The most interesting part in Lemma 2.3 is perhaps for d = 2. That is just
the limiting case in which the Sobolev imbedding fails. The following is another
such example.

Lemma 2.4. Assume Q is a polyhedral domain in R®. Then
1/2 h
10l 2y < [oghl [Vl g, Yo € S"(Q),

where T is any edge of Q.

Proof. By breaking the domain Q into (possibly overlapping) subdomains that
have parallel faces in one direction, we may assume here, without loss of gen-
erality, that Q = (0, 1)3 is the unit cube. Applying the inequality in Lemma
2.2 with the domain D = (0, 1)* and w = v(x,, X,, X,), We get

2 2
|v(0, 0, x3)|2 =< |log8|/ (vz +Z ) dx, dx,
D i=1

2, 2
+é "'U”Wl,oo(g) ve € (0, 1).

2
ox;

Integrating with respect to x,, we get
! 2 2 2, 12
/0 [v(0, 0, x;)|" dx; < |logé| ||'w||H1(Q) +é ||v||W.,oo(Q) Ve e (0, 1).

Taking ¢ = h*? and applying the inverse inequality yields
1/2 h
01l 2y < 110g 4 [0l g, Vo € S"(Q),

where I' = {(0, 0, x;):0 < x; < 1}.
Similar arguments obviously apply to the other edges of Q, and the proof is
complete. O

3. ORDINARY L? PROJECTIONS

In this section, we shall consider the usual ) projection with respect to the
ordinary L? inner product (namely without weights).

Associated with the finite element space S, , the L’ projection Q,: LZ(Q) —
S, is defined by

(Quu,v) = (u,v) YueL(Q), ves,

The aim of this section is to establish some estimates for Q, on H ! in both
the L? and H' norms, namely for all u € HOI(Q)

3.1) llu— Qh“||L2(g) = hlulH'(Q)
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and

The above estimates are closely related to the so-called simultaneous approxi-
mation property:

(33)  inf (=l + Al = 2l < Mgy V€ Hy(Q).

More specifically, we have
Lemma 3.1. (3.1) and (3.2) both hold if and only if (3.3) is true.

The proof, which uses the triangle inequality and also the inverse property,
is straightforward.

Inequality (3.3) has been assumed in some papers on finite elements, but it
seems that little attention is paid to its proof. The stability of the I? projection
inthe H' norm was perhaps first established by Bank and Dupont in [2]. Their
proof, however, requires the full elliptic regularity condition (which is unnec-
essary). A discussion of this problem in two dimensions may also be found in
Crouzeix and Thomée [6]). Recently, Scott and Zhang [8] have constructed a
kind of interpolation operator for nonsmooth functions that can also be used to
give a proof of this result. As we pointed out earlier, it can be directly obtained
by assuming the simultaneous approximation property (3.3), which is actually
the approach that Mandel, McCormick, and Bank take in [7]. For avoiding
a logical circle, the question remains as to how the simultaneous approxima-
tion property is justified. Our approach here is to establish the stability by a
different argument and obtain the simultaneous approximation property as a
consequence.

L? error estimates. As we have assumed that d < 3, the Sobolev imbedding
H*(Q) — C(Q) holds. Therefore, the usual nodal value interpolant 7,: C(Q) —

S, is well defined in H?. It is well known that (cf. [5])
‘ 2 2
(3.4) - Qyull ) < llu — Tyl 2q) < Kolulppgy Yu € HY(Q) N Hy(Q).
On the other hand,
2
(3.5) = Qyull 2y < llull2q) V€ L°(K).

An application of the standard interpolation technique to the above two esti-
mates yields

Theorem 3.2. For u € HJ(Q) ,
(3.6) "u - Qhu”[}(g) = hlulyl(gy

H' stability. The main ingredient in our analysis is a local L’ projection
Q. L*(1) — (1), for any given t € 9, , defined by

(Qutt, @)y = (U, $) 2y V€ LX(T), ¢ € P(1).
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Let % be the standard reference element, so that for any 7 € ., we have an

affine diffeomorphism F:% — 7. For any function v € Lz(t) , we adopt the
following standard notation:

(%) =v(F(X)), X et
If Q, is defined similarly, it is then straightforward to verify that
(3.7) Q.u=Q,u

These locally defined operators have the desired stability and approximation
properties, as shown by

Lemma 3.3. Forany 1€ 9,

(3.8) 1Q Ul 1y = |l gy Vu€ H'(7),
and
(3.9) e = Qqtll 20y < lul gy V€ H' (7).

Proof. 1t follows from (3.7) that (3.8) is equivalent to

. N . 1,,
(3.10) |qu|H1(f) =< |u|H|(f) Vi e H (7).
As all the norms on & (%) are equivalent, we have

|Qfﬂ|H'(i‘-) = ”Q‘Eﬂ”LZ(f) < "a”LZ(f) = "a”Hl(-t) s
which, since Q,¢ =¢ forany ¢ € R? , implies that
1Q: g sy = aléllfl l& + Cllg iy = 1ol gz

This proves (3.10) and hence (3.8).

Now we turn to the proof of (3.9). By changing variables and using (3.7), we
get

d2y~ A «
"u - qu”[}(f) <h "u - Qi-u“Lz(i)
dj2 . oin o A 2, .
<h }Enlfl 18+ el ey < B i1l
Cc

dj2,1-dJ2
< KPRl gy S Bl -

This completes the proof. O
We are now in a position to state and prove our stability theorem.

Theorem 3.4. For all u e Ho1 (Q),

(3.11) |Qh“|H‘(9) =< |u|H1(Q).
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Proof. It follows from the inverse inequality, Lemma 3.2, and Lemma 3.3, that

2 2 2 2
|Qhu|Hl(Q) = Z |Qhu|Hl(,) <2 E“Qhu - Q,u|H'(r) + |Qru|H1(1)}

€9, €9,
-2 2 2
= Z{h Q4 — Q Ul 2y + [Ulgp ()}
€9,
-2 2 2 -2 2
= Z{h [l — Qru”Lz(r) + Iuly'(r)} +h Tlu— Qhu”Lz(g)
€9,
2
=< |u|H1(Q).

The desired result then follows. 0O

Remark 3.1. Notice that our proof of (3.11), which uses Q_, is carried out
element-by-element. Such a “local” argument is crucial for us to establish the
corresponding stability for the weighted L? projection (with trivial modifica-
tion).

Simultaneous approximation properties. From the estimates we derived for Q, ,
property (3.3) then becomes clear by Lemma 3.1. In fact, this simultaneous
approximation property holds for more general boundary conditions. For ex-
ample, if Iy C 9Q is measurable, then we have

Propeosition 3.5. For any u € Hllo (Q), there exists v, € S, N Hllo(Q) such that
(3.3) holds.

4. WEIGHTED L? PROJECTION

This section, which is the core of the paper, is devoted to the analysis of the
weighted L’ projections. Both the L? error estimates and H' stability will be

investigated.
Assume the domain Q admits the following decomposition:
J
(4.1) =9,
i=1

where the Q; are mutually disjoint. Let I' denote the set of interfaces, i.e.,
I'= U,.J=l 0Q,\0Q . For simplicity, we assume that I" consists only of segments
(d = 2) or plane polygons (d = 3). In other words, no part of any 9Q; is
curved.

Given a set of positive constants {wi}f=l , we introduce the following weight-

ed inner products:
J

(4.2) (#, V)2 = Do, )
i=1
and

J
(4.3) (u, ”)H;(n) = Z:a)i/Q Vu-Vvdx,
i=1 i
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with the induced norms denoted by || -||,2 (@ and |+ gt @ respectively. More-
over, we define a full weighted H ! norm by

2 2 2
" ¢ ”H,f,(ﬂ) = " ‘ ”L:,(Q) + | ‘ |Hal,(g)-

We assume that Q is triangulated by a family of quasiuniform meshes
{Z,,h < 1}, as described earlier. An additional assumption we make here
is that these triangulations will be lined up with the subdomains €2,’s. Namely,
the restriction of each 7, on each Q; is also a triangulation of €, itself.

The weighted L’ projection Q,‘:’: LZ(Q) — S, is defined by
2
(4.4) (Qyu, Vg =, V)pgq YUEL(Q), vES,
We will derive error estimates for Q,‘:’ of the following type:
I = @l 2 q) < Chlloghl'lulyq) Vu € Hy(Q)

for some positive constant y. The point here is that we require that the constant
C appearing in the above estimate does not depend on the weights {w,} . Again,
we will use the notation “<” in place of “< C”, where C is in particular
independent of the weights.

The derivation of such an estimate is not as simple as it might appear. For
example, the argument used in the proof of Theorem 3.2 cannot be applied
easily here, even though we can get the estimates analogous to (3.4) and (3.5)
with proper weights. It is unclear if the interpolation between weighted H 2 and
L’ spaces would give rise to the right space. Nevertheless, the proof for d =1
is almost trivial. To be more precise, we have the following

Proposition 4.1. For d =1, we have for all u € Hé (Q)
([ Qz))u”Li(Q) = hl“lyﬁ‘)(g)
and
w

1Oy g @) = ¥lg )
Proof. Since d = 1, we have H ! (Q) — C(Q). Hence the nodal value inter-
polant I,: C(Q) + S, is well defined in H'. It is well known that (cf. [5]), for
any t1€9,,

2 2, 2 1

= Lullpzy < h"|ulzp ) Vu e H (7).
Summing up over all 7 € .9, with proper weights, we then get
1
(I - Ih)“”LZ,(Q) < ChlulH;(Q) Yu € Hy(Q).

Our first inequality then follows, since ||(I—Q, )ul|,> @ S IT=1)ull 2 g, - The
proof of the second inequality is similar to Theorem 3.4 by Lemma 3.3. O
The above approach cannot, in general, be extended to higher dimensions

because of the lack of the imbedding H l(Q) — C(Q), although a similar tech-
nique can be applied, as is done in §4.2.1 below in some special circumstances
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when d = 2. The analysis for more general cases, especially for d = 3, is more
complicated, and special techniques are needed.

4.1. The case of no internal cross point. By internal cross points we mean those
points on I' that belong to more than two ﬁi ’s. If there is no such point on
the interface, the analysis becomes very simple, and optimal estimates can be
derived.

We shall first present a lemma that shows that the estimate we need can be
reduced to the estimates on interfaces. To do this, let us introduce a weighted
inner product on Lz(l") :

(#, )2 Z / w,uv dx.
4Q,\00

Denoting S,(I) & {v|:v € S}, let P:L*(T) ~ S,(I) be the orthogonal
projection with respect to (-, *);2 -

Lemma 4.2. For all u € H,(Q),

(1 - Q;o)u"[,i(g) = hl“ly(})(g) +h
Proof. On each domain Q,, by Proposition 3.5, there exists a w; € S,(€;)
such that

2 2 2 2,12
(4.5) lu - wi”Lz(Q,.) +h%|u-— w,.||H1(Qi) <h ||u||H1(Qi).
Let w € S, be such that

1/2
Plw - Pl

{ w;, at the nodes in Q,,
Pru, onT.
Therefore, using (2.2),

J
2
“u_w"Li(Q) E:w”u w||L29)+h z:w E:l(w Pru)(p)l
i=1

i=1 PET;

J
Zw,.uu-w,uLz + h|jw - Pu||Lz

A

-
I
—

Mx

2
h ”u”H )+h||u_Pru||qu(r)

~.
[

Nll

<h |u|H @ T hllu—F u||Lz
The desired result then follows, since
(1)
”u - Qh u"L‘zo(Q) < ”u - wllLi(Q)' a

From the above proof, we see that the validity of Lemma 4.2 has nothing
to do with cross points. Nevertheless, we only know its application to the case
that the interface has no internal cross points.
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Theorem 4.3. Assume the decomposition (4.1) has no internal cross points.
Then, for all u € H(; (Q),

(4.6) (T - Q}‘:’)u”qu(Q) < hlulg q)
and
4.7) Q4 1 ) = Ul

Proof. Define a function ¢ € S,(I') by ¢ = P-u, on each I';, where P. is
the orthogonal L’ projection from L? (T';) to the restriction of S, to I',. By
the hypothesis that I has no cross point, ¢ is well defined. Note that on each
I'; we have

[l — ¢”L2(ri) <lu- wi”L’(ri)’

By Lemma 2.1,
e = w2y S ' llu =l + hllu = w0l
Hence,
Bl = w2y S 1= w3, + A= w0
< h2|u|i,l(9i).
Consequently,

J
2 2
hilu— Pru"l_g)(g) <h z :wi“u - ¢”L2(ri)
i=1

J
2 2 2,2
<h E wi|u|H1(Qi) =h |u|H;(Q).
i=1

Applying Lemma 4.2 gives (4.6).

The proof of (4.7) is identical to that of (3.11). This completes the proof. O
4.2, General case. When the interface has some internal cross points, the prob-
lem becomes somewhat more subtle. We will derive certain estimates under
some special circumstances.

4.2.1. Estimates for “finer” finite element functions. For d = 2, the embedding
H'(Q) — C(Q) is not true in general, but it is “almost right” for the functions
in finite element subspaces, as is indicated by the second inequality in Lemma
2.3. This observation is the main motivation for the result in this subsection,
and the argument is similar to that used in the proof of Proposition 4.1.

Lemma 4.4. Forany ue S, and 1€ 9,
{ h(logi—) 12ulg, ifd=2,

12
h if d =
h(3) " el ifd=3,

where I,:S, — S, is the interpolation operator.

”(I - Ih)u"LZ(T) =
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Proof. We first consider the case that d = 2. Let % be the standard reference
element; then

”(I - Ih)u”[}(f) = h”(i - ih)a“ﬁ({-)-
It follows from the discrete Sobolev inequality in Lemma 2.3 for d = 2 that

R . . h 1/2 .
I = )il < 2Nl < (1085 Wil

Replacing # by @ + ¢ for any constant ¢, we have

.. R\YZ
I = 1)ty < (106 ) int 1+ el

h 1/2 h 1/2
< (1082)  alp < (log2) b
= 3h Hi(3) = gh H'(7)

The desired result for d = 2 then follows. The proof for d = 3 only differs
in the type of Sobolev inequality (in (2.1)) used, and the details obviously need
not be repeated here. This completes the proof. O

As a direct consequence of Lemma 4.4, we have

Theorem 4.5. Forany u€S,,

”(I - Q}?)u”Li(g) =

and

[T PINES N\12
(3) 14l ifd=3

4.2.2. Estimates for general H' functions. In this subsection, we shall derive

some estimates for functions in H'.

The following lemma shows that nearly optimal estimates can be obtained in
general if the full weighted H ! norms are used.

Lemma 4.6. For all u € H(: (Q),

1/2

(4.8) T = @)l 2 gy < hllog Al [ull 1 -

Proof. The proof will be carried out separately for different dimensions, even
though the ideas in both cases are quite similar.

Case 1: d =2. Let w; be as in the proof of Lemma 4.2 and define w € S,

by
w;, at the nodes inside €, ,

w=1 Pu, at the nodes inside e C 9%,
0, at nodes elsewhere,
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where e C 0Q); is any edge of Q, and Pe:Lz(e) +— §,(e) is the orthogonal
Lz(e) projection.

By (2.2),
llw, —wnm =i’ Y (w-wlx) sk Y S, —w)(x)
xeBQ eCOQ, x€e
=Ky (Z(wi—Peu)z(x)+ 3 wf(x)>.
ecani x€e XxX€E€de

We need to bound the two terms appearing in the last expression above. The
first term is easy:

2 2
> hjlw, - Pullz2) < hllu = w,l 290,
eCoQ;

2 2 2
<|lu- wille(Qi) +h7||u—- wi”H‘(an,.)

2, 12
<h ”u"Hl(Qi) s
where we have used Lemma 2.1 and (4.5).
The second term can be bounded by the second discrete Sobolev inequality
in Lemma 2.3:

> Y wix) s K lloghlllw, 3 q, < B logh| [ullzp ..
eCoQ; X€Ede
Consequently,
lw = w,ll 20 < hllog A" ull g -
Applying the above estimate, with the triangle inequality and (4. 5) we get
(4.9) |lu- w”Lz(Qi) <u- wi”Lz(Qi) +|lw; - w”ﬁ(g) < h 1°gh| ”u“H‘(Qi)-
The desired result for d = 2 then follows.
Case 2: d = 3. Again, let w, be as in the proof of Lemma 4.2 and define

w €S, by
w;, at the nodes inside Q,,
w =4 Ppu,  atthe nodes inside F C 0Q);,
0, at nodes elsewhere,
where F C 0Q; is any face of Q, and PF:L2(F ) = S,(F) is the orthogonal

L2(F ) projection. Then
llw; - 'w”iz(ni) <k E (w; - "-U)z(x) <n Z Z(wi - 'w)z(x)

x€aQ, FCoQ, xeF
3 2 2
<h Z Z(wi—PFu) (x)+ Z w, (x))
FCoQ, \xeF x€dF

2 2 2
< Y (hllw; — Pl + Ao llw ) 1205))-
FCoQ,
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Again, we need to bound two terms appearing in the last expression above. For
the first term, we have

2 2
> hllw; — Prullpzgpy < hllu— wll20q,
FcoQ,

2 2 2
2 2
<h ”u"H‘(Qi)’

where we have used Lemma 2.1 and (4.5).
The second term can be bounded by the discrete Sobolev inequality in Lemma
2.4:

2, .2 2 2 2 2
Y- Hlwlizer <k loghl Ul g, < A% loghl |ully q -
FCoQ,

Consequently,
12
lw = w20, < hlloghl 2l g,

As in (4.9), the estimate for d = 3 follows. This completes the proof. O
As a direct consequence of the above lemma, we have

Theorem 4.7. If for all i, the (d — 1)-dimensional Lebesgue measure of (3N
Q) is positive, then for all u € HS(Q)

1/2
(4.10) I = Q3 )l 2 ) < hlog kI il
and
1/2
(4.11) 103 Ul ) = 1og ] [l -

Proof. By hypothesis, we have ||u||,; @ = |ul g1 q) by the Poincaré inequality.
The estimate (4.10) then follows from (4.8). The estimate (4.11) can be proved
similarly as (3.11) by using (4.10). O

Remark 4.1. The assumption concerning the measure of meas, ,(9Q, N 0Q)

in Theorem 4.7 cannot be removed, in general, and the deterioration h'l/ 2
in the estimate of Theorem 4.5 is also best possible. All these issues will be
discussed in a separate paper.
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